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Question 1 Since (G, o) is a group, boa is an element of the group. Thus for all a,b € G axb = boa € G.
Therefore % is a binary operation on G. (G,*) is a group, because b+ a = a o b, the identity element of
(G, o) must be the same as the identity element of (G, x), since by the definition of an identity element,
aoe = eoa = a and by the definition of x, aoe = exa = eoa = axe = a. The inverse characteristic for
(G, %) also follows from (G, o) because aoa™! = a~'oa = e = axa~! = a~!xa. The associativity follows
in a similar way. Since (axb)xc = (bxa)oc=co(boa) and ax(b*xc) = ax(cob) = (cob)oa=co(boa)
since (G, o) is a group.

Question 2

Part a)
TABLE 1. Cayley table for G = (U(18), x13)
xig| 1 5 7 11 13 17
1 1 5 7 11 13 17
) 5 7 1r 1 11 13
7 7 17 13 5 1 11
11 {11 1 5 13 17 7
3 |13 11 1 17 7 5
17 |17 13 11 7 &5 1
Part b)
Proof. Suppose G = (U(18), X15), Va,b € U(18) a x18b = (a x b)15 . Since a X b = b X a,a X18b =
(a x b)1s = (b x a)18 = b X135 a, as required for an Abelian group. O
Part c)

TABLE 2. Order of the elements of G = (U(18), x13g)

Element ‘ 1
1

3 7 11 13 17
Order ‘ 6 6

5
6 6 6 6
G is a cyclic group, all of the elements are generators with the exception of the identity element.

Question 3

Part a) The elements in G = D,, that have order two are either reflections, or the a rotation equal to
180 degrees. Every group D, has n reflections and n rotations if you consider the identity element to
be a reflection. Only groups that have an even number of sides will have a rotation symmetry equal to
R, 80, therefore for the number of elements in G = D,, that have order two is n if the group is odd, and
n + 1 if the group is even.

Part b)

Proof. Suppose G = D,, where n > 3 and G is finite and of even order. For a symmetry group of order
2n there are n reflections. Each reflection when composed with itself gives the original. That is, for each
reflection a, v 0 @ = o = Ry = e. Thus for all reflections, @ = o~ !, which means that < o >= 2. For
any n-gon , the rotations are of the form R, = x360/n for € Z with 0 < z < n — 1. For an even n-gon
when z = n/2, R, = 180. For even rotations = n/2 does not exist because n/2 ¢ Z. The rotation Rigo
is also an element of order 2, Rigg 0 R1s9 = R360 = Ro = e. Therefore for G = D,, where G is finite and
of even order, there are n + 1 elements of order two. Since n is even, n + 1 must be odd. O



Question 4
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Question 5

Let G =< a > be the cyclic group of order 40.

Part a) H =< a%? >=< a#°1"*) >=< % > and | < a® > | = n/ged(n, k) = 40/8 =5

Part b) G =< a* > if and only if ged(n, k) = 1. Therefore the generators of G are all the numbers that
are relatively prime to 40. These are a',a3,a”,a'!, a'?,a'",a'?,a?3,a?", 0, a3, a3, a7, and a3°.
Part c) All the elements of order 8 in G =< a*%/8 >=< a® >= {e,a’,a'?,a'®,a?, 0%, a%, "}
Part d)

TABLE 3. Subgroups of G

Generator Elements Order
<a> = {e,a,a?...,a*} 40
<a?> = {ea?ad*,...,a%} 20
<a*> = {ea*add,...,a%} 10
<a®> = {ead®a0,...,a%} 8
<a®> = {eada'6,...,a%%} 5
<a®> = {ea% a4} 4
<a®*> = {e,a?"} 2
<a'®> = {e} 1

Question 6
Let G be the group (SL(2,Z), x).

Part a) The center of G = (SL(2,Z),x) is Z(G) = {A = <

definition of a center A = Ax Vx € G.
Part b)

0 -1 -1 0 0 1 10
A_<1 0) AA_(O _1> AAA_(_1 o) AAAA_<O 1)Thus|A|—4.

0 -1 -1 1 1 0 .
B = (1 1) BB = <1 O) BBB = (O 1) Thus |B| is 3.
11 1 -2 w1l N\ L, (1 0\
AB = (0 _1> (AB)(AB) = (0 1 ) (AB)" = (-1) (0 1) Since (AB)™ # (0 1) =e
for any n € N, |AB| is infinite.
Part c)

a O

0 a) |a € Z}. This group is abelian, by

Proof. Suppose G is an abelian group. Let H C G is the set of elements of finite order in G. For
any a € H,|a| = n,3a™! € H with |a7!| = |a"a™!| = |a""!| < oo. Suppose a,b € H and therefore
la] = n and |b| = m. Then (ab)™™ = a™™b"™™ since G is an abelian group. Since (ab)™™ = o™ =
(a™)™(d™)™ = e™e™ = e |ab has order at most equal to mn < co. By the two step test H < G. O

Question 7

Part a) 0 = (1,7,9,10,11)(2,3,4,5,6)

Part b) The order of a permutation of a finite set written in disjoint cycle form is the least common
multiple of the lengths of the cycles. 7 has cycles of lengths 4,3,2,2. Therefore the order is 12.

Part c)

1 =(1,2,3,4)71(5,6,7)71(8,9)71(10,11) ! = (4,3,2,1)(7,6,5)(8,9)(10,11) = (1,4,3,2)(5,7,6)(8,9)(10,11)
12 3 45 6 7 8 9 1011

Part d) o7 = (3 45792096 10 8 1 11) =(1,3,5,2,4,7,6,9,8,10)

Part e) o = (1,7,9,10,11)(2,3,4,5,6) = (1,11)(1,10)(1,9)(1,7)(2,6)(2,5)(2,4)(2,3). Eight disjoint

cycles means that o is even.

Part f) (67)%02 = (07)%0%0(57)2 = ((07)10)90(g7)2 = €90 (g7)2 = (07)2 = (

2

1 2 3 4 6 7 8 9 1011
5 7 2 6 8§ 9 1

)
4 10 3 11



Part g) For there to be a positive integer i such that 7¢ has order 7 then the lowest common multiple of
the lengths of the cycles would have to be 7 for some permutation. Since 7 is prime then it would have
to have a factor of 7. The biggest cycle is of length 4, and since the cycles are as big as they can get and
are smaller then seven, the necessary cycle of length seven will never appear, so |7¢| #7 Vi € N.

Question 8

H = (2Z,+) is a proper subgroup of G which contains the integers 12 and -26. It is easy to see that this
is a valid subgroup for G since for any a € H,2|aand a~! = —a and 2|(—a) so (—a) € H. Also for all
a,b € H2|a and 2|b thus 2|ab so ab € H.

Question 9

Part a) H U K must be equal to {e} if H and K are distinct cyclic subgroups of order p of G, where p
is a prime number. If 3¢ € H and K then for some integers n,m € Z ¢ = a"™ = ™. Since H and K both
have the same order, if a™ = b™ for some n, m € Za"P+! = b™PT!1 = ¢ = b thus since they have the same
order and the same generator,the groups are no distinct.

Part b) By the corollary to Theorem 4.4 in Gallian, in a finite group, the number of elements of order
p is a multiple of ¢(p). Since ¢(p) is the number of numbers relatively prime to p which are less then p,
and p is prime, it’s the set containing all the numbers less then p, which is a total of p — 1.

Part c)

Proof. If HU K was a subgroup of G then for any elements ¢c,d € HUK 3Jed € HUK. If ¢ = a?~! and
d = bP~1 then cd = aP~1bP~! = (ab)P~! = (ab)P(ab)~! = e(ab)~! and (ab)~! ¢ H U K since there does
not exist n € Z such that o™ = ab and there does not exist m € Z such that ™ = ab. Therefore H U K
is not closed and is does not fulfill the criteria of a subgroup of G. O



